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Abstract. An e e -Lipschitz and co-Lipschitz map, as a metric analogue 
of an e-Riemannian submersion, naturally arises from a sequence of 
Alexandrov spaces with curvature uniformly bounded below that con- 
verges to a space of only weak singularities. In this paper we prove 
its homotopy lifting property and its homotopy stability in Gromov- 
Hausdorff topology. 



A map / : X — s> Y between two metric spaces is called an e e -Lipschitz 
and co-Lipschitz [11, 19] (briefly, e e -LcL), if for any p £ X, and any r > 0, 
the metric balls satisfy 

B e -e r (f( P )) C f(B r ( P )) C B e e r (f( P )). 

A 1-LcL preserves metric balls exactly and is called a submetry. An e 6 -LcL 
naturally arises from a sequence of Alexandrov spaces with curvature uni- 
formly bounded below that converges to a space of only weak singularities. 
Recall that an Alexandrov space with curvature bounded below, curv > k, 
[2] is a complete length metric space such that any geodesic triangle looks 
fatter than that with the same side-lengths in the simply-connected space 
of constant curvature k. The Hausdorff dimension of an Alexandrov space 
is always an integer or oo. 

In this notes we will study the fibration arising from of an e e -LcL (The- 
orem A and Theorem B), and give some applications on convergence of 
Alexandrov spaces in Gromov-Hausdorff topology (see Section 2). The first 
result is about the homotopy lifting property of an e e -Lipschitz and co- 
Lipschitz map. 

Theorem A. A proper (1. 023) -LcL f : X — > B from a finite- dimensional 
Alexandrov space X with curvature bounded below to a n-dimensional Rie- 
mannian manifold B is a Hurewicz fibration i.e., satisfying the homotopy 
lifting property with respect to any space. 
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Remark 0.1. In [19] we proved that if, in addition, each fiber of / in Theorem 
A is a topological manifold without boundary and the co-dimension is n, 
then / is a fiber bundle projection. 

Theorem A can be viewed as a weak generalization of the local trivializa- 
tion of a proper submersion between manifolds. Recall that a submersion / 
between two Riemannian manifolds is said to be an e-Riemannian submer- 
sion if its differential almost preserves the norm of any horizontal vector, 
that is, for any vector v perpendicular to the fibers, 

e -<M< ,. 

\v\ 

By definition, an e-Riemannian submersion is an e e -LcL. It can be easily 
checked that any smooth e e -LcL between Riemannian manifolds is an e e - 
Riemannian submersion. 

We shall point it out that an e e -LcL for e > is weaker than an e- 
Riemannian submersion or an submetry. In the case of an e-Riemannian 
submersion or an submetry over Riemannian manifolds, minimal geodesies 
can be uniquely lifted to a horizontal curved in the total space and thus 
give a local trivialization. For an e e -LcL, however, the horizontal curves 
are not unique any more. Instead, we will apply a weaker replacement of 
horizontal lifting, a neighborhood retraction (p p to a fiber f~ 1 (p), which 
is constructed in [19] (see also Proposition 1.6, Section 1) through iterated 
gradient deformations of distance functions. If the map is a Riemannian 
submersion or a submetry (i.e. 1-LcL), then the neighborhood retraction 
coincides with the local trivialization map by canonical horizontal liftings. 

Since the proof of Theorem A will be based on local properties, it still 
holds if the base space B is a metric space in which each point admits a 
neighborhood almost isometric to a ball in K n . In particular, if there is an 
(n, (5)-strainer at a point p in an n-dimensional Alexandrov space, then such 
bi-Lipschitz homeomorphism of dilation of almost 1 (depending on 5 and 
n) exists around p. Recall that an (n, 5) -strainer at p consists of n pairs of 
points (ai,bi)f = i such that the corresponding angles (see [2]) 

7T ~ 7T 7T 

Zaipaj > — — 5, A-bipbj > — — 5, ^aipbi > tt — 5, Laipbj > — — o. 
And p is said to be (n, <5)-strained. 

Corollary 0.2. Given any positive integer n, there exists a positive num- 
ber 5o(n) such that for any 5 < 5q, there is e > satisfying that if f is 
a proper e e -LcL from a finite- dimensional Alexandrov space X to an n- 
dimensional Alexandrov space B and each point of B is (n, 5) -strained, then 
f is a Hurewicz fibration. 
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Remark 0.3. If each fiber of / in Corollary 0.2 is a topological manifold 
without boundary of co-dimension n, then by Remark 0.1, / is a locally 
trivial fibration. 

In the case that / is a submetry (i.e., 1-LcL) it follows from Perelman's 
fibration theorem on regular admissible maps ([15]) that / admits a locally 
trivialization over any point in B. This is because, a submetry / : X — > 
B satisfies that, for any p E B, the distance function to the fiber f (p) 
coincides with dist p of : X — > K (see 1.2). Let {en, bi)f =i be an (re, 5)-strainer 
at p. According to [2], the map = (dist fll , . . . , dist an ) : B a {p) — > W 1 is an 
almost isometry to its image for small a, and thus / can represented by 

(distj-i^), . . . , distj-i^)) = (dist ai of, . . . ,dist an of) : X -> R n . 

In general an e £ -LcL between Alexandrov spaces fails to satisfy the ho- 
motopy lifting property over singular points. Counterexamples can be con- 
structed by considering non-free isometric group actions on a Riemannian 
manifold, where the quotient space is an Alexandrov space and the projec- 
tion is a submetry. 

A partial motivation to study an e e -LcL is that it naturally arises in 
some interesting geometry situation. For example, according to [24] (see 
also Theorem 2.1), if an Alexandrov space with curvature bounded below is 
close enough to an Alexandrov space in Gromov-Hausdorff topology, then 
an e e -LcLs can be constructed over points that are not too singular. Ap- 
plications of Theorem A on a convergent sequence of Alexandrov spaces 
in Gromov-Hausdorff topology will be discussed in Section 2, where Yam- 
aguchi's earlier convergence theorem on Alexandrov spaces is strengthened 
to a Hurewicz fibration (see Theorem 2.2) and the same nilpotency results on 
the fundamental group of almost nonnegatively curved Alexandrov spaces 
as Riemannian manifolds follows from the proof by Kapovitch-Petrunin- 
Tueschmann in [12]. 

The next main result is about the stability of a converging sequence of 
e € -LcLs. Recall that two Hurewicz fibrations fi : Xi — > B {i = 0, 1) are fibre- 
homotopy equivalent if there are fibre-preserving maps h : Xq — » X\ and 
g : X\ — >• Xq and fibre-preserving homotopies between goh and identity lx , 
and between hog and lj^ . We say that Hurewicz fibrations fi : X{ — > B{ 
(i = 0, 1) are of the same homotopy type if there is a homeomorphism 
ip : Bq — > B\ such that ip o f : Xq — > B\ is fiber-homotopy equivalent to 
fi : X\ — > B\. For two maps fi : A — > B (i = 0, 1) between metric spaces, 
we define the distance between /o and f\ to be 

d(fo, fi) = sup{d(/ (x), fi(x)) | x € A}. 
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Theorem B. Let fi : X — >■ B (i = 0, 1) 6e too (1.023) -LcLs from a finite- 
dimensional Alexandrov space with curv > k to a Riemannian manifold. 
Let r be the injectivity radius of B. If d(/o,/i) < §, £/ien /o and /i are 
fiber-homotopy equivalent. 

Remark 0.4. if the two e e -LcLs in Theorem B are sufficiently close and 
the fibers are topological manifolds, then we proved in [19] that they are 
equivalent as fiber bundles. 

Let fi : Xi — > Bi (i = 0, 1) be two (1.023)-LcLs, where Xi is an Tri- 
dimensional Alexandrov space with curv > k, Bi is an n-dimensional Rie- 
mannian manifold (i = 0, 1), and 

d GH ((X ,B ,f ),(X 1 ,B 1 ,f 1 ))<e 

in the sense that there are e-Gromov-Hausdorff approximations (p : Xq — s> X\ 
and ip : Bq — > B\ such that d(ip o / , f 1 oip)< e. Recall that an e-Gromov- 
Hausdorff approximation is a (not necessarily continuous) map ip : X — > 
Y between metric spaces such that | \ift(xi)ip(x2)\ — \%iX2\ \ < e (almost 
preserving distance) for all xi,X2 £ X and \yift(X)\ < e (almost dense) 
for all y £ Y. According to Perelman's Stability Theorem for Alexandrov 
spaces with curvature bounded below ([14], [11]) and Cheeger-Gromov's 
Convergence Theorem ([3], [10], [14], cf. [9], [17]), there are homeomorphic 
Gromov-Hausdorff approximations (ft : Xq — > X\ and ip : Bq — ¥ B\. By 
Theorem B, we conclude the following stability of e e -LcLs. 

Theorem C. Let Xi (i = 0, 1) be an m- dimensional Alexandrov space of 
curv > k, Bi (i = 0, 1) be an n-dimensional Riemannian manifold, and 
/o : Xq — > Bq be a (1.023)-LcL. Then there is €(Xq,Bq) > such that any 
(1.023)-LcL /i : X x B x satisfying d GH ((X , Bq, f ), (X 1 ,B 1 ,f 1 )) < e has 
the same homotopy type as /o- 

Remark 0.5. If, in addition, all fibers of fi (i = 0, 1) are closed topological 
(to — n)-manifolds, then we proved in [19] that, there is t\ = £\{Xq, Bq, /o) > 
such that if 

d GH ((X ,B ,f ),(X 1 ,B 1 ,f 1 ))<e 1 , 

then fx is equivalent to /o as fiber bundles, in the sense that there are 
homeomorphic x(e)-Gromov-Hausdorff approximations, : Xq —¥ X\, <3? : 
Bq —¥ B\ such that f\ o <J/ = $ o / . Note that a stronger definition of 
dcii((Xo, Bq, /o), (Xi, B\, f\)) < e is used in [19] in the sense that there are 
e-Gromov-Hausdorff approximations (ft : Xq — > X\ and ip : Bq — > B\ such 
that the two maps (ft o f and f\ o ip are 'fiber-wisely' Hausdorff close: 

sup{^((0o/ o )- 1 (x),(/ 1 o^y\x))} < e, 
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where dn denotes the Hausdorff distance on subsets in Xq. However, by 
(1.2) these two definitions are equivalent for LcLs. 

The earlier related result in the smooth category is the fibration isomor- 
phism/homotopy finiteness of Riemannian submersions under non-collapsing 
geometric bounds, which was first proved by Wu [22], provided that the 
fibers are totally geodesic and the based space is fixed. Later Tapp [20, 21] 
strengthened Wu's result to general Riemannian submersions. The bundle 
stability (a little stronger than the fibration isomorphism finiteness) of e- 
Riemannian submersions for small e > was proved in [19]. According to 
[11, 14] by Kapovitch and Perelman, if /o and /i in Theorem C are sub- 
metries and close enough to each other, then they are equivalent as fiber 
bundles through homeomorphic Gromov-Hausdorff approximations. 

Now let us briefly explain the ideas of the proofs of the main theorems. 
Recall that a local trivialization for an e-Riemannian submersion can be 
directly constructed by the horizontal liftings of radial minimal geodesies. 
However, there are no canonical liftings in case of an e e -LcL with e > due to 
the lack of regularity. According to Ferry's result ([6], see also Theorem 1.1), 
the homotopy lifting property holds for the map in Theorem A if there are 
controlled homotopy equivalences between nearby fibers (called strong reg- 
ular, see Section 1.1) and all fibers are abstract neighborhood retracts. In 
[19] we found a weaker replacement of horizontal lifting, a neighborhood re- 
traction ifp to a fiber f~ 1 (p) (see also Proposition 1.6, Section 1). Similar to 
the horizontal lifting in the smooth case, the neighborhood retraction ip p of 
the fiber at p € B continuously depends on p. Hence the fiber is locally con- 
tractible and controlled homotopy equivalences between nearby fibers can 
be defined. If all fibers are topological manifolds, then the homotopy equiv- 
alences can be approximated by homeomorphisms and thus / admits a local 
trivialization (see [19]). Fiber-preserving homotopies for the composition of 
maps in Theorem B can be defined similarly. 

The remaining of the paper is organized as follows. In Section 1, we will 
review some topological results and give proofs of Theorem A and Theo- 
rem B. In Section 2 we will give applications of Theorem A to strengthen 
convergence theorems for Alexandrov spaces. 

Acknowledgements. The author would like to thank Xiaochun Rong and 
Hao Fang for helpful discussions. The author would also like to thank the 
University of Iowa for hospitality and support during a visit in which part 
of the work was completed. 
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1. Proof of Theorem A and Theorem B 

1.1. Strong regular maps and semi-concave functions. Before start- 
ing the geometric part of the proofs, we first recall some topological results. 
For any Hurewicz fibration / : X — > Y, if Y is path-connected, then by defi- 
nition the fibers are homotopy equivalent to each other. In [6] Ferry proved 
that the inverse is also true, if the homotopy equivalences between nearby 
fibers and the homotopies are under control in the following sense. 

A map / : X — > B between metric spaces is said to be strongly regular 
[6] if / is proper and if for each p £ B and any e > there is a 5 > 
such that if d(p,p') < 5, then there are homotopy equivalences between 
fibers tfppi : f~ l {p) ->■ f~ l {p')> <P P ' P ■ f~ l {p') -> which togther with 

the homotopies move points in distance < e. A topological space X is 
an absolute neighborhood retract (ANR) if there is an embedding of X as a 
closed subspace of the Hilbert cube I°° such that some neighborhood N of X 
retracts onto X. If X is finite covering dimensional and locally contractible, 
then X is an ANR ([1]). 

Theorem 1.1 ([6]). If f : E — > B is a strongly regular map onto a complete 
finite covering dimensional space B and all fibers are ANRs, then f is a 
Hurewicz fibration. 

According to Theorem 1.1, Theorem A is reduced to show that an e e -LcL 
from an Alexandrov space to a Riemannian manifold is strongly regular and 
all its fibers are locally contractible. 

Now let us recall the gradient flow of a semi-concave function and the basic 
property of a LcL that will be frequently used throughout the paper. Let 
X be an Alexandrov space with curv > k. A function / : X — > K. is called 
semi-concave ([18]) if for any interior point p in X there is a neighborhood 
U of p and a real number A such that for any minimal geodesic "y(t) in U, 

/"7(i)-^ 

is concave. / is called A-concave in U. The gradient V p / as a vector in 
the tangent cone T p is well-defined. For any point p in X, there is a unique 
gradient curve a : [0, oo) — > X of / starting at p such that the tangent 
vector a' {t) = V a ^f for any t > 0. The gradient flow <3?j is well-defined 
and e A *-Lipschitz in U ([18]). Let F : Q —> X be a Lipschitz map from a 
metric space, and let r : Q — > M + be a Lipschitz function, then the gradient 
deformation of F with respect to / is defined to be 

§ T f {u) o F(u) -M^X. 
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Now let / : X — > Y be an e e -LcL between metric spaces. For any compact 
subset S C Y, let dists be the distance function to S in Y, 

dists(y) = \y, S\ = mf{d(y, s) : s € S}. 

A basis property of / is that the two continuous functions dists of and 
distj-i(5) : X — > IL|_ satisfy (see [19]) 

e~ e ■ dists of < distj-i( S ) < e e ■ dists of. (1.2) 

1.2. Proof of Theorem A and Theorem B. Assume that X is an 
Alexandrov space with curv > — 1, B is a Riemannian manifold and / : 
X — > B is an e e -LcL. We will try to define controlled homotopy equivalences 
between nearby fibers of /. As a weaker replacement of the horizontal lifting 
of minimal geodesies, a neighborhood retraction ip p of /-fiber over p £ B 
which is continuously depending on p was constructed in [19]. Because the 
proof of Theorem A and Theorem B will rely on the neighborhood retraction, 
for reader's convenience, let us recall its construction in below. 

Let injrad^(p) denote the injectivity radius of B at p. For any point 
p £ B and < r < injrad B (p), let S r (p) = dB r (p) be the metric sphere 
around p and let x be any point in B r {p) \ {p}. It is clear that the gradient 
of distance function dists,.( p ) satisfies | V x dists r ( p ) | = 1. By (1.2), an easy 
estimate (see Lemma 1.5 in [19]) shows that the gradient of distj-i(s r (p)) is 
bounded by 

2r 2 

1 - (e2 ' - 11 ' l*r'(r)H*r'(Mr))l S l V * dlst /-<^»l £ L M 

Therefore for sufficient small e (e € < 1.02368), points in f~ 1 (B2 L (p)) can be 
flowed into f~ l (B?_{p)) along gradient curves of dist^-i(s r ( p )) in a definite 
time. 

Lemma 1.4 (Lemma 1.5 in [19]). For any p € B andr < min{injrad p (i?), ^j}, 
there is a constant Co(e) > depending on e such that for allx £ f~ 1 {B2r{p)), 
the gradient curve Q(t,x) of the function disty-i(s r ( p )) satisfies 

*(s,i) £ rHBrip)), t > Co" 1 • QeV - Ixf-HSrfr))?) 

Thus we can define a gradient deformation of id^-i(# 2r q,)) which maps 
f-^Bizip)) into r l (Br(p)) and fixes /^(So-StCp))- Let" 

3 

T p , r (x) = max jo,^ 1 • QeV - |xr ^(p))]) j , 

and &p p ' r ^ x \x) = &(x,T Pt r(x)) be the gradient deformation of id /-i (^2^ (p)) 
with respect to disty-i(s,.( P ))- Then by Lemma 1.4, for e e < 1.02368 and 
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r < min{injrad„(.B), we have 

$ T / Ax \x) G r\Br_{p)), Vx G f- l (B*r(p)), 

T p>r (x)=0, Vx€/- 1 (B .3r(p)). 

Because the gradient curves are stable as function converges ([18]), it is 
proved in [19] that $>p p ' r ^ x \x) is continuous both in p and x, that is, 

* = U M x W)cBxl4l, *(p, x) = (x) 

is a continuous map. 

Repeating the construction above for the sequence {r^ = |j}i=o,i,2, -- and 
let $ p f(x) = $ Pi i(x, T P)ri (x)) be the gradient curves of disty-i^.^)) at x 
with time T p , r .(x). By (1.5), : r l (B n (p)) -> X takes /^(^(p)) 

into f~ 1 (Bi _r(p)), and 



T 

Pi* 



= id. 



Hence the iterated gradient deformations 

$ Tj '.' < o $ Tp .' i " 1 o • • • $ Tp A° 
p,j p,i— 1 P,0 

is well-defined on f (B2r(p)) and its restriction on f^ 1 (B 03 jL (p)) is iden- 
tity. Because 

Tp y n(x) < 7^— j- • — • C 1 , 
it can be directly verified that the sequence of maps 

*<: UMX/ _1 (%(P))^^ 

pGB 

*i(p^) = ^ io *S-i lo ---*S) ( a; ) 

uniformly converges. The limit <p p (x) = lim ^(p, x) gives a retraction from 

i— >oo 

the neighborhood f~ 1 (B2r(p)) to f~ 1 (p), which is continuous both in p and 
x. 

Proposition 1.6 (Proposition 1.6 in [19]). For any < r < injrad(S), 
there is a map <p p {x) from a neighborhood f~ l (B2r(p)) to the fiber /~ 1 (p) 
such that 

<p P (x) ■ \J{p}xrHB2r( P ))^x, 

p£B 

is continuous both in p and x, and satisfies 

(1.6.1) </?p(x) = x for any x G f~ 1 (p), and 

(1.6.2) |x</?p(x)| < 2C\r, for some constant C\(e) depending only on e. 
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Remark 1.7. Since the Lipschitz constant of each $j goes to infinity with 
the same order as r" 1 , there is no Lipschitz control on the limit map (p p . 
Therefore no local control on the intrinsic distance in the fiber follows from 
Proposition 1.6. 

We are now ready to prove Theorem A and Theorem B. 

Proof of Theorem A. Up to a rescaling we assume that the lower curvature 
bound of A is —1. By Theorem 1.1, it suffices to show that / is strong 
regular and any fiber is an ANRs. For any p,q £ B with small distance 
< \pq\ < \ min{injrad„(S), ^j}, let p = 2\pq\. By Proposition 1.6, 
there are neighborhood retractions ip p : f~ 1 {B2 E (p)) — > f (p) and (p q : 
/ _1 (i?2p(q)) — > f~ 1 (q) around f^ 1 {p) and f (q) respectively. Then the ho- 

3 

motopy equivalences between fibers can be chosen to be Pplf-i^ '■ f~ 1 (q) ~~ 
f~ 1 {p) and l Pq\f-i(,p) '■ f~ l {p) / _1 (<7)> an d the homotopies are H t = 
Vp°¥> 7 (t) : -> and K t = <A? ¥? 7 (i-t) : f~ l {<l) f^io), where 

7 : [0, 1] — > B is a minimal geodesic from p to q. By (1.6.2), \H t {x)x\ < 4C±p 
and \Kt(x)x\ < AC\p. Therefore / is strongly regular. 

From [14], an Alexandrov space with curvature bounded below is locally 
contractible. For x S f~ 1 (p), let U x B x be a contractible neighborhood 
around x and H t : U x — > U x be the homotopy from idu x to the retraction 
r : U x — >• {x} such that Ht{x) = x. Then ip p o Ht is a homotopy from 
id^ny-i^) to the retraction r : U x fl f (p) — > {x}. Therefore f (p) is 
locally contractible and thus an absolute neighborhood retract. □ 

Proof of Theorem B. Let /o,/i : A — > B be the (1.023)-LcLs from Alexan- 
drov space X to Riemannian manifold B in Theorem D. We now construct 
fiber-preserving maps h, g : X — > X and fiber-preserving homotopies g o h 
to the identity 1,4 and from h o g to 1a as follows. 

For any point x € A, let p = fo(x) E B, let -Fb(p) be the fiber fQ l {p) and 
^i(p) = fi\p)- Because d(/ ,/i) < §, by (1.2), F (p) lies in the 1.023§- 
tubular neighborhood of Fi(p). Let (p p be the neighborhood retraction of 
F\{p) in Proposition 1.6 with respect to /i, we define h : X — > X by h(x) = 
f p (x) = iff ^{x). Then the continuous map h : X — > X is globally defined 
and maps all fibers of /o into that of f\. Similarly we define g : A — > X 
through the neighborhood retraction of /o-fibers such that fo°g = fi, where 
g(x) = i^f^x^x) and \fj q is the neighborhood retraction of / ~ 1 (/i(^)) with 
respect to /o- 

Let 7 : [0, 1] — > B be the minimal geodesic from 7(0) = fo(x) to 7(1) = 
fi(x), we define the fiber- preserving homotopy Ht : X — > X by Ht(x) = 
ipf ( x ) ^7(4) Then H : [0, 1] x A — > X is a continuous map such that 
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Ho = g o h and H\ = lx- A fiber-preserving homotopy from h o g to the 
identity 1a can be denned similarly. □ 

2. Convergence theorems of Alexandrov spaces 

In this section we will apply Theorem A to strengthen Yamaguchi's Lips- 
chitz submersion theorem on Alexandrov spaces. A convergent sequence of 
Riemannian manifolds or Alexandrov spaces Xi in Gromov-Hausdorff topol- 
ogy is called collapsing if the dimension of limit space is strictly less than 
that of Xi. for 5 > 0, the 5 -strain radius [24] at a point p in an n-dimensional 
Alexandrov space X is defined to be 

sup{r | there exists an (n, <5)-strainer at p of length r}. 

A Lipschitz submersion theorem was proved by Yamaguchi [24] in the case 
that all points in the limit space is (n, <5)-strained. 

Theorem 2.1 (Lipschitz submersion Theorem [24]). For any dimension n 
and positive number fiQ, there exist positive numbers 5(n) and e(n,//o) such 
that for any m- dimensional Alexandrov space Y with curv > — 1 and any 
n- dimensional Alexandrov space X with curv > —1, if 

(1) the 5 -strain radius at any point in X > fiQ, and 

(2) the Gromov-Hausdorff distance between X and Y < e, then 

there exists a (1 + t(<5, e))-LcL f : Y —> X which is a t(5, e)-almost Lipschitz 
submersion. 

Here, x{5, e) denotes a positive constant depending on n, 5 and e satisfying 
t(S, e) ->■ as 5, e ->■ 0. 

Yamaguchi conjectured in [24] that the map / : Y — >■ X in Theorem 2.1 
is a locally trivial fibration. By Theorem A, we are able to conclude that it 
is a Hurewicz fibration, and the conjecture is true in the case that the fibers 
are topological manifolds. 

Theorem 2.2. For sufficient small 5, the almost Lipschitz submersion f : 
Y — >• X in Theorem 2.1 is a Hurewicz fibration; and f is a locally triv- 
ial fibration in the case that every f -fiber is a topological manifold without 
boundary of co- dimension n. 

There are similar fibration theorems for Riemannian manifolds which are 
fundamental in many applications. It was first proved by Fukaya in [7] and 
strengthened later by Cheeger-Gromov-Fukaya in [5] that if a sequence of 
Riemannian manifold Mj is collapsing under a two-sided sectional curvature 
bound, then the Gromov-Hausdorff approximation can be approximated by 
a global singular fibration from Mj to the limit space, whose fibers are almost 
flat manifolds. Yamaguchi proved in [23] that if a Riemannian manifold M 
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with sectional curvature bounded below is sufficient close to a Riemannian 
manifold N in Gromov-Hausdorff distance, then there is a C 1 e-Riemannian 
submersion / : M — > N, whose fiber is connected and has almost nonnega- 
tive curvature in a generalized sense defined in Lemma 5.3 of [23] (cf. Def- 
inition 1.0.1 in [12]). By Kapovitch-Petrunin-Tueschmann's work [12] the 
fundamental group of the fiber admits a nilpotent subgroup of uniformly 
bounded index. 

Due to Theorem 2.2 one is able to talk about the homotopy fiber. By sim- 
ilar arguments as the smooth case, the same nilpotency on the fundamental 
group of the homotopy fiber of / in Theorem 2.1 follows from Theorem A 
and the proof in [12] by Kapovitch-Petrunin-Tueschmann. 

Corollary 2.3. There is a universal constant depending on (m — n) such 
that the fundamental group of the homotopy F in Theorem 2.1 contains a 
nilpotent subgroup whose index < C . 

Almost nonnegatively curved Alexandrov spaces are those space whose 
diameter is uniformly bounded and the lower curvature bound k is almost 
nonnegative. Or equivalently, the scaling invariant diam 2 -k is almost non- 
negative. After scaling to a uniform lower curvature bound —1, they are 
close to a point in Gromov-Hausdorff topology. As a special case, the al- 
most nilpotency for almost nonnegatively curved Alexandrov spaces follows. 

Theorem 2.4. For any positive integer n, there are constants e(n) > 
and C{n) > such that for any closed n-dimensional Alexandrov space M 
with curv > k, i/diam(M) 2 • k > —e(n), then m(M) contains a nilpotent 
subgroup of index < C(ra). 

Remark 2.5. The earlier version of Theorem 2.4 for Alexandrov spaces was 
proved by Yamaguchi in [24] without a uniform bound on the index of the 
nilpotent subgroup, where the proof was based the Lipschitz submersion 
theorem (Theorem 2.1) and arguments in [8]. 

Theorem 2.4 extends the same property of almost nonnegatively curved 
manifolds. It was first proved by Fukaya and Yamaguchi [8] that the fun- 
damental group of any manifold of almost nonnegative sectional curvature 
contains a nilpotent subgroup of finite index, and later Kapovitch, Petrunin 
and Tueschmann [12] proved that the index of a nilpotent subgroup is uni- 
formly bounded (depending only on the manifold's dimension). The same 
conclusion for manifolds of almost nonnegative Ricci curvature is a conjec- 
ture of Gromov, and it was proved recently by Kapovitch and Wilking in 
[13] (cf. [4]). 

Recall that Yamaguchi's fibration theorem [23] for Riemannian manifolds 
provided a fundamental tool in constructing a finite descending normal tower 
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of the fundamental group in earlier proofs both in [8] and [12]. By the 
fibration in Theorem 2.2, we still are able to conclude the same structure for 
a collapsing sequence of Alexandrov spaces. Moreover, the estimates in [12] 
were proved for general Alexandrov spaces. Because the proof of Theorem 
2.4 and Corollary 2.3 would be the same as that in [12], we omit it here. 

Another direct corollary of Theorem 2.2 is a long exact sequence arising 
from the fibration. 

Corollary 2.6. Assume a sequence of Alexandrov spaces X{ with curv > n 
collapsing to an n- dimensional Alexandrov X and the limit space X has only 
weak singularities. Then for all large i, the almost Lipschitz submersion 
fi : Xi — >■ X induces an isomorphism /* : 7T;(Xj, Fi, xi) — > tti(X,x) for all 
I > 1, where x G X and x\ G F\ = ff (x). Hence there is a long exact 
sequence 

■••->• TTl(Fi,Xi) ->■ TTl(Xi,Xi) -4 TTl(X,x) ->• 7T/_i(Fj,Xi) -)••••->■ TTl(X,x) ->• 0. 

Remark 2.7. In [16] Perelman concluded the same long exact sequence under 
a weaker condition that the limit X has no proper extremal subsets, where 
Fi is a regular fiber (i.e., the fiber of a lifting map to Xi of regular admissible 
maps locally defined on the limit X to M n [16]). It is easy to see that the 
regular fiber is homotopy equivalent to ff 1 (x) in Corollary 2.6. 
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